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Finite temperature phase transition, adjoint Polyakov loop and topology
in SU(2) LGT∗
Andrea Barresi, Giuseppe Burgio†, Michael Mu¨ller-Preussker
Humboldt-Universita¨t zu Berlin, Institut fu¨r Physik, 10115, Germany
We investigate the phase structure of pure SU(2) LGT at finite temperature in the mixed fundamental and
adjoint representation modified with a Z2 monopole chemical potential. The decoupling of the finite temperature
phase transition from unphysical zero temperature bulk phase transitions is analyzed with special emphasis on
the continuum limit. The possible relation of the adjoint Polyakov loop to an order parameter for the finite
temperature phase transition and to the topological structure of the theory is discussed.
1. INTRODUCTION
Pure SU(N) lattice gauge theories within the
fundamental representation of the gauge group
show a finite temperature deconfinement phase
transition together with the breaking of a global
ZN center symmetry. But if confinement is a fea-
ture of the Yang-Mills continuum degrees of free-
dom it should be independent of the group repre-
sentation for the lattice action. As Polyakov’s
center symmetry breaking mechanism is avail-
able only to half-integer representations of the
group, a finite temperature investigation of Wil-
son’s action for SU(2) in the adjoint representa-
tion, i.e. SO(3), might offer interesting insight to
the present understanding of confinement.
The SU(2) mixed fundamental-adjoint action
was originally studied by Bhanot and Creutz [1]:
S=
∑
P
[
βA
(
1−
TrAUP
3
)
+βF
(
1−
TrFUP
2
)]
(1)
They found the well known non-trivial phase di-
agram characterized by first order T = 0 bulk
phase transition lines. A similar phase diagram
is shared by SU(N) theories with N ≥ 3 [2].
Halliday and Schwimmer [3] found a similar
phase diagram using a Villain discretization for
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the center blind part of action (1)
S =
∑
P
[
βV
(
1−
σPTrFUP
2
)
+βF
(
1−
TrFUP
2
)]
(2)
σP being an auxiliary Z2 plaquette variable.
By defining Z2 magnetic monopole and electric
vortex densities M = 1 − 〈 1
Nc
∑
c σc〉, E =
1 − 〈 1
Nl
∑
l σl〉 with σc =
∏
Pǫ∂c σP and σl =∏
Pǫ∂ˆl
σP they argued that the bulk phase tran-
sitions were caused by condensation of these lat-
tice artifacts. They also suggested [4] a possi-
ble suppression mechanism via the introduction
of chemical potentials of the form λ
∑
c(1 − σc)
and γ
∑
l(1 − σl).
Recently Gavai and Datta [5] explicitely real-
ized this suggestion, studying the βV − βF phase
diagram as a function of λ and γ. They found
lines of second order finite temperature phase
transitions crossing the βV and βF axes for λ ≥ 1
and γ ≥ 5. In the limiting case βF = 0 and
γ = 0, i.e. SO(3) theory with a Z2 monopole
chemical potential, a quantitative study is diffi-
cult because of the lack of an order parameter.
The Z2 global symmetry remains trivially unbro-
ken. A thermodynamical approach [6] shows a
steep rise in the energy density for asymmetric
lattices with Nτ = 2, 4 and a peak in the spe-
cific heat at least for Nτ = 2, supporting the idea
of a second order deconfinement phase transition.
The authors have seen the adjoint Polyakov loop
2to fluctuate around zero below the phase transi-
tion and to take the values 1 and − 1
3
above the
phase transition as βV →∞.
2. ADJOINT ACTION WITH CHEMI-
CAL POTENTIAL
We study an adjoint representation Wilson ac-
tion modified by a chemical potential suppressing
the Z2 magnetic monopoles
S =
4
3
βA
∑
P
(
1−
Tr2FUP
4
)
+ λ
∑
c
(1− σc) (3)
The link variables are taken in the fundamental
representation only to improve the speed of our
simulations, after checking that with links rep-
resented by SO(3) matrices nothing changes. A
standard Metropolis algorithm is used to update
the links. The term σc =
∏
Pǫ∂c sign(TrFUP ) is
completely center blind, i.e. Uµ(x)→ −Uµ(x)⇒
σc → σc ∀µ, x, c. Fig. 1 shows the phase dia-
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Figure 1. The phase diagram in the βA−λ plane
for various Nτ .
gram in the βA − λ plane at finite temperature.
The two phases (I-II) are separated by a bulk first
order line at which Z2 monopoles condense, phase
I being continously connected with the physical
SU(2) phase as βF is turned on. Finite tempera-
ture lines, at which 〈LA〉 shows a jump, cross the
plane more or less horizontally. Putting aside the
order parameter problem, the scaling behaviour
at the critical temperature Tc ≡
1
aNτ
as a func-
tion of βA and λ turns out difficult in phase I,
whereas in phase II it shows a nice scaling be-
haviour in βA at fixed λ & 1.
3. SYMMETRY AND ORDER PARA-
METER
A quantitative study of the observed finite tem-
perature transition is viable either relying on pure
thermodynamical quantities [6] or defining a rea-
sonable order parameter, i.e. by understanding
the underlying symmetry breaking mechanism, if
any. The only hints we have are the change in the
distribution of the adjoint Polyakov line operator
1
3
TrLA(~x) and the values it takes in the contin-
uum limit. After maximal abelian gauge (MAG)
[7] and abelian projection it is indeed possible to
establish an exact global symmetry which can be
broken at the phase transition and a related order
parameter. Taking
Oµ(x) = I + sin 2θµ(x)T3 + (1 − cos 2θµ(x))T
2
3
as the projected link in the adjoint theory, with
~T the adjoint representation generators of the Lie
algebra, it is easy to see that the “parity” opera-
tor P = I +2T 2
3
acting on all links living at fixed
time as
POµ(x) = I − sin 2θµ(x)T3 + (1 + cos 2θµ(x))T
2
3
leaves all the plaquettes (and thus the action)
invariant, while changing the Polyakov line. If
ΘL(~x) =
∑Nτ−1
n=0 θ4(~x + n a 4ˆ) is the Polyakov
line global abelian phase, then for the spatial av-
erage 〈TrLA〉 = 1+2〈cos2ΘL(~x)〉 and 〈TrPLA〉 =
1 − 2〈cos2ΘL(~x)〉. If this symmetry is broken at
the phase transition, then 〈TrLA〉 = 1 below and
〈TrLA〉 = 1 ± 2∆ above, with ∆ = 〈cos2ΘL〉.
Thus, a reasonable order parameter should be
|∆| = 1
2
|〈TrLA〉 − 1|.
Fig. 2 shows the volume distribution of the
Polyakov line angle at the phase transition for
some typical configurations. Although such a
sharp change can be observed also for the full
TrLA(~x) distribution, in the latter case a quanti-
tative analysis is made difficult by the asymmetry
of the values at which it peaks. In the abelian
projected case, after MAG, ΘL(~x) is clearly flat
below the phase transition, peaking around 0(π)
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Figure 2. ΘL(~x) volume distribution below (∆ =
0) and above the transition (∆ = ±1) for typical
configurations.
and π
2
above. In Fig. 3 the proposed order pa-
rameter is plotted as a function of βA for λ = 1
andNτ = 4. A singular behaviour around βA ≃ 1
is starting to show at V = 163. At Nτ = 6 the
critical βA increases by roughly 35%.
The results show that the proposed symmetry
breaking mechanism is plausible and that the or-
der parameter behaves as one expects for a 2nd
order transition, although more data at higher
volumes and a study of the susceptibility would
be necessary to asses such statements. The analy-
sis of Binder cumulants is also feasible with our
definitions. A study of the critical exponents and
of the cluster properties of 〈TrLA〉 would be as
well interesting in order to establish whether the
features of such a system are similar to those of
the usual SU(2) phase transition. All these ques-
tions will be addressed in a forthcoming paper.
4. CONCLUSIONS
We have studied the phase diagram of the ad-
joint Wilson action with a chemical potential λ
for the Z2 magnetic monopoles. The finite tem-
perature phase transition can be decoupled from
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Figure 3. Ensemble average of |∆| vs. βA.
the bulk phase transition both for positive and
negative λ. The scaling behaviour of βA with Nτ
is established in both cases, although the type
I phase presents some difficulties in taking the
continuum limit. In the context of abelian dom-
inance we propose a symmetry breaking mecha-
nism and an order parameter for the phase transi-
tion, giving promising results for numerical simu-
lations. A deeper numerical analysis and possible
extensions of the definitions will be the subject of
a forthcoming paper. This work was funded by
a EU-TMR network under the contract FMRX-
CT97-0122 and by the DFG-GK 271.
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